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Abstract
In this paper we consider a second-order Langevin equation for the motion of a Le´vy ﬂights particle subject to a linear Stokes’
damping. In the limit of small noise amplitude we determine the law of the continuous displacement process as well as the law of
its ﬁrst passage times.
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1. Introduction
In recent decade a substantial number of physical, engineering and ﬁnancial phenomena has been studied with the
help of methods of non-Gaussian stochastic processes. In particular, the non-Gaussian approach proved to be useful for
description of processes featuring discontinuous (jump) behaviour, heavy tails of probability densities or certain time-
scale self-similarities. Mathematically such models very often rely on the use of α-stable stochastic Le´vy processes,
also known in physical and engineering literature as Le´vy ﬂights. We refer the reader to the books by Grigoriu [1],
Samorodnitsky and Taqqu [2], and Janicki and Weron[3], Uchaikin and Zolotarev [4] for the mathematical theory of
α-stable Le´vy processes. As just a few representative examples of applications of Le´vy ﬂights we mention the works
by P. Ditlevsen [5] and Hein et al. [6] (palaeoclimate), Cabrera and Milton [7] (neural models), Al-Temeemy et al. [8]
(target detection), Yang and Deb [9] (random search), Sokolov et al. [10] (polymer physics), Barthelemy et al. [11]
(optics). A much more complete list of references can be found in an extensive review by Metzler et al. [12].
Although Le´vy ﬂights processes can be often used as a good alternative to a classical Brownian motion, one of
the major points of criticism refers to their pure jump structure. Indeed, whereas jump processes appear naturally in
ﬁnancial time series, the path discontinuities may represent a problem in physical and engineering applications.
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Fig. 1. Sample paths of symmetric (β = 0) stable Le´vy processes with stability indices α = 0.75 (l.) and α = 1.5 (r.). Both processes make positive
and negative jumps. The path of the process with the bigger α looks more ‘diffusive’.
The purpose of this note is to present results about an absolutely continuous random process appearing very nat-
urally as a solution of a second order linear Langevin equation driven by an α-stable stochastic Le´vy process. In
a certain asymptotic regime this process can be seen as path-wise approximation of Le´vy ﬂights. We show that this
approximation pertains the properties of the ﬁrst passage times and thus can be useful for applications in the reliability
theory.
2. Le´vy ﬂights or α-stable Le´vy processes
Let (Ω,F ,P) be a probability space. An α-stable Le´vy process L = (Lt)t≥0 is a stochastic process satisfying
the following conditions: L0 = 0 a.s.; the increments of L are independent and stationary, that is for any n ≥ 1,
0 ≤ t1 < · · · < tn, the random variables Lt1 , Lt2 −Lt1 ,. . . , Ltn −Ltn−1 are independent and Law(Lt −Ls) = Law(Lt−s)
for any 0 ≤ s ≤ t; marginal laws of L are strictly stable random variables with the characteristic function known to
have the form
EeiuLt = e−tΨ(u), u ∈ R, t ≥ 0,
Ψ(u) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
c|u|α
(
1− iβ sgn(u) tan πα
2
)
, α ∈ (0,2)\{1},
c|u|
(
1+ iβ
2
π
sgn(u) ln |u|
)
, α = 1,
c
2
u2, α = 2,
(1)
with c > 0 and β ∈ [−1,1]. We also assume that L has sample paths t → Lt which are right-continuous at any t ≥ 0
and possess limits from the left for t > 0.
The parameter α ∈ (0,2] is called the stability index of L. Analysing the form of the characteristic exponent Ψ,
one easily notices that the 2-stable Le´vy process L is nothing else but a Brownian motion with variance c > 0. This is
the only continuous strictly stable Le´vy process.
For α ∈ (0,2), the parameter c in 1 is called the scale parameter and determines the width of the probability laws.
The parameter β ∈ [−1,1] is called the skewness parameter and describes the asymmetry of the marginal laws of L.
If β = 0 then the process L is symmetric, that is Law(L) = Law(−L).
The path properties of a non-Gaussian α-stable process L, α ∈ (0,2), are quite different in comparison to the those
of Brownian motion. First, L is a pure jump process with countably many jumps on any ﬁnite time interval. The
parameter β controls the proportion of positive and negative jumps of L. In the totally asymmetric case, e.g. when
β = 1, the process L makes only positive jumps. It is a bit counter-intuitive however, that the sample path of L are
monotone increasing only if β = 1 and α ∈ (0,1). For α ∈ [1,2), the very intense positive jumps are compensated by
a strong negative drift, so that L hits any negative level with probability 1, see Figures 1 and 2.
Certain properties of marginal laws of L are also quite different from the Brownian motion’s counterparts. For
example the variance of Lt , t > 0, does not exist for α ∈ (0,2) and E|Lt |γ < ∞ only for γ < α . Common is however
the self-similarity property: for any a > 0 we have Law(Lt , t ≥ 0) = Law(a−1/αLat , t ≥ 0).
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Fig. 2. Sample paths of totally asymmetric (β = 1) stable Le´vy processes with stability indices α = 0.75 (l.) and α = 1.5 (r.). Both processes make
only positive jumps. The path of the process with α < 1 is monotone increasing whereas the path of the process with α ≥ 1 can attain any negative
level.
3. Langevin equation driven by an α-stable Le´vy process
Let us consider a one-dimensional Langevin equation of motion of a particle with a coordinate x and velocity v = x˙
in presence of a linear damping −Av, A > 0, and a random α-stable Le´vy noise l˙ of a small amplitude ε > 0:
x¨ =−Ax˙+ ε l˙. (2)
We rewrite this equation as a two-dimensional integral equation with zero initial conditions in a phase space (v,x)
⎧⎪⎨
⎪⎩
vεt =−A
∫ t
0
vεs ds+ εlt ,
xεt =
∫ t
0
vεs ds, t ≥ 0.
(3)
The ﬁrst linear equation in (3) was studied for ε→ 0 by Imkeller and Pavlyukevich in [13, 14]. Here we are interested
in the asymptotic behaviour of the displacement process xε in the small noise limit ε → 0, in particular in the law of
the ﬁrst passage times
τa(xε) := inf{t ≥ 0: xεt > a}, a > 0. (4)
We start our analysis with the intuitive observation that τa(xε) → ∞ as ε → 0, and that it could be helpful to
consider the displacement process xε on the new ε-dependent time scale. Let us perform a time-transformation
t → tεα . First, the self-similarity of an α-stable process l implies that Law(εl tεα , t ≥ 0) = Law(l). Let us denote by L
an ε-independent α-stable copy of the process l, Law(L) = Law(l). Then the revision of the equations (3) yield
V εt := v
ε
t
εα
=−
∫ t
εα
0
Avs ds+ εl t
εα
=− 1
εα
∫ t
0
Av s
εα
ds+ εl t
εα
Law= − 1
εα
∫ t
0
AVs ds+Lt ,
Xεt := x tεα =
∫ t
εα
0
vs ds =
1
εα
∫ t
0
v s
εα
ds =
1
εα
∫ t
0
Vs ds.
(5)
Thus we shall consider a process L and a pair of processes (V ε ,Xε) satisfying the Langevin equation with big damping
coefﬁcient⎧⎪⎨
⎪⎩
V εt =−
1
εα
∫ t
0
AV εs ds+Lt ,
Xεt =
1
εα
∫ t
0
V εs ds,
(6)
such that Law(V εt ,X
ε
t , t ≥ 0) = Law(vε t
εα
,xε t
εα
, t ≥ 0). The ﬁrst passage times of xε and Xε are obviously connected
by the relation
Law(εατa(xε)) = Law(τa(Xε)). (7)
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The second equation in (6) (and in (3)) can be understood as a stochastic differential equation in the Itoˆ sense.
Since the noise is additive, we can also solve this equation path-wise to obtain a unique strong solution
V εt =
∫ t
0
e−
t−s
εα A dLs (8)
which is a well-known process of Ornstein–Uhlenbeck type (see Chapter 17 in Sato [15] or Chapter 4.3.5 in Apple-
baum [16]).
Applying the Fubini theorem we obtain an explicit formula for the displacement process Xε which is the integrated
Ornstein–Uhlenbeck process:
Xεt =
1
εα
∫ t
0
AV εs ds =
1
εα
∫ t
0
[∫ s
0
Ae−
s−u
εα A dLu
]
ds
=
1
εα
∫ t
0
[∫ t
u
Ae−
s−u
εα A ds
]
dLu =
1
A
∫ t
0
(
1− e− t−uεα A
)
dLu.
(9)
It is necessary to note that the two-dimensional solution (V ε ,Xε)t≥0 is a Markovian semimartingale, whereas the
displacement process Xε alone is a non-Markovian and absolutely continuous semimartingale.
4. Convergence of the processes Xε
We start our analysis with the determination of the limit of Xε in the sense of ﬁnite dimensional marginals.
Theorem 1 For any n≥ 1, 0≤ t1 < · · ·< tn < ∞
(AXεt1 , . . . ,AX
ε
tn)
P→ (Lt1 , . . . ,Ltn), ε → 0. (10)
Proof. We assume for simplicity that L is a symmetric α-stable Le´vy process, α ∈ (0,2) with Ei〈u,Lt 〉 = e−t|u|α , t ≥ 0,
u ∈ R. We also prove only the convergence of one-dimensional marginals. Let t > 0 be ﬁxed. Taking into account
equation (9) and approximating the integrals by the corresponding Riemannian sums we calculate the characteristic
function of AXεt −Lt :
Eeiu(AX
ε
t −Lt ) = Eexp
{
−
∫ t
0
e−
t−s
εα A dLs
}
= Eexp
{
− iu lim
n
n
∑
k=1
e−
t−sk
εα AΔLsk
}
= lim
n
n
∏
k=1
Ee−iue
− t−skεα AΔLsk = lim
n
n
∏
k=1
e−Δsk
∣∣−ue− t−skεα A∣∣α
= exp
{
− lim
n
n
∑
k=1
Δsk
∣∣∣ue− t−skεα A
∣∣∣α
}
= exp
{
−|u|α
∫ t
0
∣∣∣e− t−sεα A
∣∣∣α ds
}
.
(11)
It follows that the random variable AXεt −Lt is symmetric and α-stable with the scale parameter c(ε) =
∫ t
0 |e−
t−s
εα A|α ds.
Since limε→0 e−
t−s
εα A = 0 for all 0≤ s < t we obtain the convergence
lim
ε→0
Eeiu(AX
ε
t −Lt ) = 1, (12)
that is AXεt −Lt → 0 in law, and thus in probability. 
In other words, Theorem 1 says, that in the strong damping limit 1εα → ∞, the displacement process AXε coincide
with the driving α-stable process L in the sense of ﬁnite dimensional distributions.
It is well known however that convergence of ﬁnite dimensional distributions does not imply the convergence of
ﬁrst passage times. To establish the latter we have to prove the convergence of the processes Xε as random elements
in some appropriate metric space.
Since the processes AXε have absolutely continuous paths, it would be natural to consider the local uniform con-
vergence: a sequence of functions {xn}n≥1 converges to x if for any T > 0
lim
n≥1
sup
t∈[0,T ]
|xnt − xt |= 0. (13)
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Fig. 3. A function x ∈ D([0,T ]) (l.) and its completed graph Γx ⊂ R2 (r.).
On the other hand, since the limiting process L is a pure jump process and is a random element in a Skorokhod space
D([0,∞)) of right-continuous functions with left-side limits, it is obvious that the local uniform convergence is not
appropriate for our setting.
A standard topology one considers in the space D([0,∞)) is the so-called J1, or simply the Skorokhod topology.
It is designed to match the jump times and sizes of the processes Xε and the limit L. More precisely, we say that
{xn}n≥1 converges to x in J1-topology if there exists a sequence of non-decreasing continuous time-changes {λ n}t≥0,
λ n : R+ → R+ with λ (0) = 0 and λ (+∞) = +∞ such that
lim
n→∞supt≥0
|λ n(t)− t|= 0 (14)
and for all T > 0
lim
n→∞ supt∈[0,T ]
|xn(λ n(t))− x(t)|= 0. (15)
In our case, since all the processes AXε(λε(t)) are continuous and the limiting process is a jump process, no conver-
gence in the J1 topology could be possible.
Since the law of the ﬁrst passage time of Xε is determined by the law of the running supremum of Xε , it is
crucial for us to choose a topology in the space D([0,∞)) with respect to which the supremum functional (Xε)t≥0 →
(supu≤t Xεu )t≥0 would be continuous.
In his paper [17], Skorokhod introduced four weaker topologies on the space D([0,∞)) different from local uniform
topology and the nowadays standard topology J1. It turns out that the weaker M1-topology ensures the continuity of
the supremum, and thus the convergence of the ﬁrst passage times, and perfectly ﬁts in with our setting.
The M1-topology appears relatively rare in the literature. We refer the reader to the paper [17] by Skorokhod and
the book [18] by Whitt for more details and summarize here the necessary facts about the space D([0,∞),M1).
For any function x ∈ D([0,∞)) and any T > 0 deﬁne a completed graph ΓTx as a set
Γx := {(x0,0)}∪{(z, t) ∈ R× (0,T ] : z = cxt−+(1− c)xt for some c, c ∈ [0,1]}. (16)
The completed graph is a subset in R2 containing the graph of the restriction of x on [0,T ] as well as the line segments
connecting the points of discontinuity (xt−, t) and (xt , t), see Figure 3.
On the completed graph we can introduce the natural order saying that (z, t) ≤ (z′, t ′) if either t < t ′ or t = t ′
and |xt− − z| ≤ |xt− − z′|. Denote by ΠTx the set of all parametric representations of the graph ΓTx , i.e. the family
of continuous mappings (zu, tu) : [0,1] → ΓTx , which are non-decreasing w.r.t. natural order. We say that a sequence
{xn}n≥1 of functions from D([0,∞)) converges to x ∈ D([0,∞)) in the Skorokhod topology M1 if for any T > 0, any
(z, t) ∈ΠTx there is a sequence of parametric representations (zn, tn) ∈ΠTxn , n≥ 1, such that
lim
n→∞max
{
sup
u∈[0,1]
|zu− znu|, sup
u∈[0,1]
|tu− tnu |
}
= 0, (17)
see Whitt [18, Sections 3.3, 12.3 and 12.9].
In the space D([0,∞),M1) we obtain the following convergence result, see Figure 4.
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Fig. 4. Sample paths of the velocity process V ε (l.) and the displacement process AXε together with the driving α-stable process L. The absolutely
continuous displacement process AXε approximates well the pure jump process L in the Skorokhod M1-topology in the limit ε → 0.
Theorem 2 Let L be an α-stable Le´vy process, α ∈ (0,2) and let Xε be the displacement process satisfying the
equations (6). Then
AXε P→ L in D([0,∞),M1) (18)
as ε → 0.
The following corollaries are obtained immediately.
Corollary 1 Let l be an α-stable Le´vy process, α ∈ (0,2) and let xε be the displacement process satisfying the
equations (3) with zero initial conditions. Then(
Axε t
εα
)
t≥0
Law→ (lt)t≥0 in D([0,∞),M1) (19)
as ε → 0.
Corollary 2 Let l be an α-stable process with limsupt→∞ lt = +∞ a.s. Then for any a > 0
εατa(xε)
d→ τ a
A
(l) (20)
The proof of Theorem 2 and the corollaries can be found in the work [19] by the authors.
5. Conclusions
In this paper we considered a solution of a one-dimensional Langevin equation driven by an α-stable Le´vy ﬂights
process of small amplitude ε . We showed that the displacement process, which is a non-Markovian and absolutely
continuous, converges on a time scale tεα to the driving α-stable Le´vy process in the sense of ﬁnite-dimensional
distributions. In order to study the convergence of the ﬁrst passage times of the displacement process, the so-called
M1-Skorokhod topology was used. It seems that it is the strongest topology on the space D([0,∞)) of right-continuous
functions with left-side limits, with respect to which a meaningful approximation of a pure jump process by a sequence
of absolutely continuous processes is possible. This topology is also rich enough to guarantee the continuity of the
running supremum functional and hence implies the convergence in law of the ﬁrst passage times of the displacement
process to those of the driving stable Le´vy process. The extension of these results to a multi-dimensional setting is
however not straightforward and not always possible. The corresponding results will be presented in forthcoming
publications.
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